IMSC 2048 Practice Midterm

February 27, 2026

Excercise 1. Let V be a finite-dimensional vector space over a field R. Let
B :V xV — R be a non-degenerate bilinear form. Suppose that for all x,y € V,
B(x,y) = 0 implies B(y,x) = 0. Prove that B is either symmetric or skew-
symmetric.

Excercise 2. Define the center of character x as Z(x) = {g € G | |x(9)| =
x(1)}. Prove that Z(x) is a normal subgroup of G. If x is irreducible, show
that Z(x) contains the center of G.

Excercise 3. Let G = Sy be the symmetric group on {1,2,3,4}. Recall the
character table of Sy: the corresponding conjugacy classes are represented by the
cycle types (1), (12), (12)(34), (123), and (1234), and the numbers in the second
row are the sizes of the conjugacy classes. The corresponding representations
are denoted by V1, Va, V3, V4, Vs.

Sy | (1) (12)  (12)(34) (123)  (1234)
1 6 3 8 6
Yi| 1 1 1 1 1
| 1 -1 1 1 ~1
vs| 2 0 2 ~1 0
val| 3 1 ~1 0 —1
vs | 3 -1 ~1 0 1

(a) Decompose the tensor product Vy & Vy into irreducible representations.

(b) Determine all normal subgroups of Sy from the character table.

Excercise 4. Let A € M, x,,(R) with singular value decomposition A = QDPT,
where @ € O(m), P € O(n), and D has diagonal entries o1 > g9 > -+- > 0. > 0.

(a) Compute the singular values of A.

(b) Compute the singular value decomposition of the matriz
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(¢) Find the rank-1 matriz B that minimizes |A — B||r, and compute |A —

B||p. Here |M||r = i.; My for M = (my;) is the Frobenius norm.

Excercise 5. Consider the vector space of n X n real matrices, equipped with
the symmetric bilinear form B(X,Y) = tr(XY). Determine the signature of B.



